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In this note I attempt to set forth the system of invariants which is
appropriate to the conformal geometry of Riemannian spaces. It is a
development in the direction of my recent paper on projective tensors
and connections' of the ideas established by T. Y. Thomas2'" and J. M.
Thomas4'5 in four papers in these PROCZZDINGS. A class of invariants is
found which I call conformal tensors which have (n + 2)k components in
each coordinate system and a linear law of transformation with coefficients
determined by a certain group which I call the enlarged conformal group.
This group has to the conformal group much the same relation that the
affine group has to the Euclidean group.
It does not seem to be possible to find an invariant with (n + 2)3 components which will play the role of an affine connection in covariant differentiation. But by using one with (n + 2)2 (n + 1) components analogous to that already used by T. Y. Thomas3 and to the set of (n + 2)2 n
components used by J. A. Schouten6 it is possible to find most of the components of a "conformal derivative" of any conformal tensor and then to
determine the remaining components by imposing an invariant condition
on the tensor sought. We thus have a recursion process which generates
an infinite sequence of conformal tensors from any given conformal tensor.
Thus to get a complete sequence of invariants for a conformal geometry it
will be sufficient to start with the conformal curvature tensor (whose components include those of Weyl's7 conformal curvature tensor) and apply
this process of conformal differentiation. These invariants would seem
to be quite suitable for the complete development of the theory of conformal geometry outlined from a somewhat different point of view by E.
Cartan.8
1. The Fundamental Relative Tensor.-According to an observation by
T. Y. Thomas a conformal geometry of n dimensions is really the theory
of a relative tensor of weight - 2/n. We start with a family of Riemannian metrics all of which determine the same angle at each point. The
formula for the differential of arc of these metrics is

ds2 =

cgij dxi dxJ

(1.1)

in which a is an arbitrary scalar and gij an absolute covariant tensor of
the second order. In a given coordinate system, there is a unique one
of these metrics, namely,
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ds2

=

1

g;i

dxidx'

=

PRoe. N. A. S.

Gijdxidxj

(1.2)

for which the determinant of the coefficients is unity. The invariant
which has these coefficients as its components in each coordinate system
is a relative tensor of weight - 2/n, that is to say it has the law of transformation
2
(1.3)
G,j = u "GGbu,u
in which
u
u, = bxi~~~J
.
andu=

(1.4)

With it there is associated the relative contravariant tensor of weight 2/n,

Gii=

1

gngij

such that

Gj Gi

=

bjk-

The determinant 1GUI is, of course, equal to unity.
2. The Conformal Connection is an invariant introduced by J. M.
Thomas4 which has the law of transformation,

K,k

=

Kbe V,U>U k

in which

Ujo

+

v

O= alogu

bf_j

(5" u + Ujo
t

i

-

GjkG Ua) (2.1)

r

Jnv ax3..
U,~6

It is connected with the tensor G11, as was remarked by T. Y. Thomas,
by the same formula as defines the Chrystoffel symbols of the second
kind
Wijk
Ga (Ga,+ aG _Gr).(2.2)
Kjs

WGak

In the Euclidean case its components vanish in all coordinate systems
for which the components of the tensor Gij are constants. The group of
all transformations between these coordinate systems is the enlarged
conformal group. It contains the conformal groups, each of which leaves
a set of constant G's unaltered, as a family of mutually conjugate subgroups. Its relations with the conformal group are thus analogous to
those of the affine group with the Euclidean group.
The theory of a conformal connection, i.e., of an invariant with the
law of transformation (2.2) is a distinct geometry which may be called
the enlarged conformal geometry.
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The equations of the enlarged conformal group are the solutions of the
differential equations obtained by setting the quantities K and K in
(2.1) equal to zero. This is analogous to what happens in the affine and
projective geometries; if we apply the same process to the affine and
projective connections, respectively, we find the affine and the projective
groups, respectively. The only difference is that the equations of the
enlarged conformal group are more complicated. Before deriving them,
let us find the equations for the conformal groups.
3. The Conformal Group.-A Euclidean conformal group is the group
of all transformations which do not alter the components Gij of a relative
tensor of weight -2/n, provided these components are constants.
Such transformations can be set up by introducing coordinates analogous to tetracyclic coordinates. Let
xn+ 1 =

1G*xix'

(3.1)

and let z0, z', ..., zn + 1 be homogeneous coordinates such that
ZzA
zo

(A = 1,

xA

2,..., n + 1).

The relation (3.1) may then be written in the form

(a,j3 = 0,1, .. ., n + 1)

G zazz = 0

(3.2)

provided we agree that

Gio
I*

=

Goi

=

= -1,
Go(n + 1) = G(n
=
=
G(n +l)i Gi(n +l) Goo = Gn +i,n + = 0 (3.3)
(i = 1, 2, . . ., n).

The matrix of the quantities Ga, is that given by T. Y. Thomas on page
358, Vol. 12 of these PROCI3ZDINGS.
Since we have to use indices running over three ranges, we adopt the
conventions that: small Roman letters are used for indices on the range
1, 2, . . ., n; capital Roman letters on the range 1, 2, . . ., n, n + 1; and
Greek letters on the range 0, 1, 2, . . ., n + 1.
The equation (3.2) is undisturbed by linear transformations

(3.4)

z=
provided

hG.jo = G,f.fr = GJpfi - f_fo + 1 - foef

+1

(3.5)
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where h is any constant. But on forming the determinants of the quantities on the two sides of (3.5) we see that
2

ht = If

ln + 2

where fj is the determinant of the (n + 2)2 quantities Jr. The group
defined by (3.4) and (3.5) is the Euclidean conformal group which has
been studied by Darboux and others by the use of more special coordinates.
It has a sub-group consisting of those transformations which leave the
origin (i.e., the point zA = 0) invariant. For these transformations,
f A = 0,

and we may assume without loss of generality that

f= 1.
The conditions (3.5) then reduce to

f7n + 1 = 0

h= f

and

2

where f is the n-rowed determinant

f = Ifif~js(3.6)

and also to

2

Gij = f

2

2

2

f, +I =fn f°

(3.7)

nGpqjfij,

f

n

+

=

iGp(qf + lfq + 1.

f

(3.8)

4. The Enlarged Conformal Group is the group of all transformations
between coordinate systems in which the components Gij are constants.
For our purposes we need consider only the sub-group G of transformations
between coordinate systems of this type with the same origin. Gives
any such coordinate system, the components Gij in this coordinate system
are determined and thus the n + 2 homogeneous coordinates z are determined. If we also specify n2 + n constants fA, such that f 5 0 (cf.
(3.6)), we obtain a matrix

1

ofo
1
JJ2

0 21
fl ff2
0 ff*I1 f2
f.

0 0

J

....f

....

fofo
n

Jn+l

fn +
fn fn+
...... .
n

f
fn

0 .... 0

f++ 1
fn
2
fn

(4.1)
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in which the elements of the first row are determined by the equations
(3.8). The elements of this matrix are the coefficients of a transformation
(4.2)
za= f

This transformation obviously carries the components G, into another
set of constant components which satisfy the conditions (3.3) and is
therefore a transformation of our group. The components of the relative
tensor in the coordinate system x so defined are
2

Gij

=

f mGab f Is fJ

(43

It is important to observe that the components Gij in the coordinate
system x are implicit in (4.1). Thus there is a family of matrices (4.1)
determined by each coordinate system in which the components of the
relative tensor are constants.
The equations (3.8) can be converted by (4.3) into
Of ,
(4.4)
fjn + i = Gpqf pfq 2f° + 1 =
which shows that the elements of the second to the (n + 1)st columns of
(3.1) can be chosen arbitrarily and the elements of the last column then
determined.
If we combine (4.2) with a transformation
2a = f a>,

determined by the numbers (i4 and an arbitrary set of n2 + is numbers
fA such that f 9 0, we find
za

=

apzf

in which
wa

7

fy
Moreover, jl are the elements of a matrix analogous to (4.1) built out
of the quantities Gi, and PA such that

f

fA

=

=

rfAk@

Thus any cobrdinate system z, obtained by first transforming z to z by
a transformation with matrix of the type (4.1) and then transforming
from i to z with an analogous matrix, may be obtained directly by a
transformation with matrix of type (4.1) from z to i. It is easily verified also that if z and z are two coordinate systems obtained from z by
transformations with matrices of type (4.1) the transformation from i
to z is of analogous type. Hence, all the coordinate systems obtainable
from the z coordinate system by transformations (4.2) are related among
themselves by transformations of analogous type. The group of all
these transformations is obviously a sub-group of our group G. It is in
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fact identical with G, as can be verified by carrying out the solution of
the differential equations obtained by setting K and K equal to zero in
(2.1).
In terms of the variables xl, x2, .. .,x x"x 1, the transformations of
our group take the form
wA -B
Bt

XA

(4.5)

2A

In terms of the original variables xl, x2, .. ., x", we have the transformations,
f jS +
+
2

XI

fn

.(4.6)

1 + fio + 2 fox + icpqiPx

The one of the equations (4.5) for which A = n + 1 is
U

(4.7)

G -xixj = f2Cpixf

1(yPei':e

2 fn +
2
which is a consequence of (4.6), (4.3) and (4.4).
Let us introduce the notation

1+ f°x- +

xs=
G.,x' =
Then on differentiating (4.6) we find

;)Xt +1

(4.8)

aXi *

_Xi fI + fi + -x(f1

+ fox + iii)

(4.9)

and see that the functional determinant of (4.6) is
1

|ax|
(1

fl

x2 fI
|x~~~2x fl21
+

fn+
fa
f2 . f fn + 1
l
f2 f2
f2
f2. .n f +

ftA)n

f

(1

xn fn
O

-X1

+o
f?A) n

f.nf
-X2-

-X.

1

(4.10)
It then follows by a rather direct calculation that for the transformations

(4.6),
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Gpq.

(4.11)

We also find

= -n

1

(4.12)

+f otA

5. There is an obvious isomorphism between the sub-group of the
enlarged conformal group which leaves one point invariant and the group
of all analytic transformations. Let
x =

ui(t)

(5.1)

be an arbitrary analytic transformation and let

Jj=
=

a=

fin

+ 1

f

= O,

'aX

U=l

1 (alogu)

f+ =

=

f +

fn

+1

Ci f0fo

(5.2)

where a subscript zero after a parenthesis indicates that the quantity
within the parentheses is evaluated for x = to. Then if xO is an arbitrary
point, there is determined at to a transformation of the form (4.6), i.e.,
a transformation of the enlarged conformal group. Moreover, the formulas show that if the transformation (5.1) is of the type (4.6), the transformation determined by it according to our rule is (5.1) itself. Thus we
have at each point a multiple isomorphism between the totality of analytic
transformations of coordinates and the enlarged conformal group of a
Euclidean space.
6. Conformal Tensors.-This isomorphism established, it is clear that
conformal tensors can be defined with a law of transformation in which
the quantities f6 at each point play the same r6le as the derivatives
bxt/5xJ) in the law of transformation of affine tensors. But instead of
the quantities J,, we shall use the following quantities which differ from
them by constant factors:

uo

=

50

U=

Ul+1

=lgu

(6.1)

2

+ 1 =O,u81=u
n + 1,u,
Unu~~

u
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The set of quantities so defined are the elements. of the matrix given by
T. Y. Thomas on page 356, Vol. 12 of these PROCIEDINGS.
Let us denote the quantities analogous to up which are determined by
the inverse of (5.1), by v,. Then we have
Up V'37
a

=-

7

and

VJ = 5a.
We now define a relative conformal tensor of weight N as an invariant whose
components in any two coordinate systems x and x are related by the law
of transformation
Ve
...= N r I i4 .. .v
a.
U

So, as a special case, a contravariant conformal vector of weight zero has
the law of transformation
Va = V' VW.

The fundamental relative tensor G,i whose law of transformation is (1.3)
determines by the equations (3.3) a conformal tensor Gap of weight
- 2/n: its law of transformation is
2

Gaip = u

C Uael Up.

The conformal tensors satisfy the same laws of combination as the
ordinary (affine) tensors. In addition, there are special rules .due to the
special form of the matrix (4.1). For example, the component of a
covariant tensor for which all the subscripts are zero is a scalar of the
same weight as the given tensor. Also, the component of any contravariant tensor of weight N and degree p for which the superscripts are
all n + 1 is a scalar of weight N + 2p/n.
In order to have the affine, projective and conformal tensors fit together into a harmonious theory, I think it advisable to change the definition of the projective tensors used in my previous paper1 so that u4' shall
be given the same meaning as in (6.1) above. This merely changes some
of the constants in the law of transformation. But it makes it possible
to state a number of relationships between the projective and conformal
tensors in a simple manner. For example, the components of any conformal covariant vector with indices 0, 1, 2, . . ., n are the components
of a projective covariant vector. It also brings our notation into agreement with that used by T. Y. Thomas and by writers on five-dimensional
relativity.
7. The Conformal Gradient.-There is a process analogous to covariant
differentiation by which any conformal tensor determines another con-
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formal tensor with one subscript more. But this involves an additional
device which did not appear in the affine or the projective cases. We can
illustrate it by the case in which the given tensor is a relative scalar of
weight N.
The law of transformation of this scalar is

T= TuN.
On differentiating this we find equations from which we can infer that the
quantities

N T5°
TIP = aT+
aJxI
in which the subscript X runs over the values 0, 1, 2, ..., n are n + 1
of the components of t conformal tensor. On account of the condition
un

+ 1 =o

the law of transformation of these components does not involve the
(n + 1)st component. But the law of transformation of the latter does
involve the other components. The (n + 1)st component could therefore be assigned arbitrarily in one coordinate system. We shall determine
it by requiring the conformal vector which we are seeking to satisfy the
invariant condition,
Ga TaTO= 0.
On expanding, this becomes

-2T

i

T,+ +GI T Tj=O

which determines Tn + 1. Hence, we can define a conformal vector by the
formula,

T =aT5' + NT8' +

2NT G-' --a-

+

(7.1)

This invariant will be called the conformal gradient of the relative scalar
T. The formula fails when N = 0.
8. The Extended Conformal Connection.-In order to generalize covariant differentiation to the other conformal tensors we need another
invariant with which to eliminate the higher derivatives which appear
in the law of transformation of the derivatives of a conformal tensor.
This invariant can be obtained by direct formal generalization from the
affine and projective cases. The law of transformation,
-a

= K,pv8u8u +

a(8.1)
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is transitive, provided the superscript and the first subscript run over
the values 0, 1, 2, .. ., n + 1 whereas the second subscript (co, X&) runs
over the indices 0, 1, 2, . ., n only. Hence, the (n + 2)2(n + 1) functions
K' are the components of an invariant which we shall call an extended
conformal connection. This name is justified by the fact that the n3
components Kjk are the components of a conformal connection in the
sense of §2, provided that the extended conformal connection satisfies
the invariant conditions,
=K
-K
K 016
'60 =

n

and K+

=

-Gij.
it

(8.2)

The law of transformation (8.1) is the same as that of the "associated
connection" defined by T. Y. Thomas, Vol. 12 of these PROCUSDINGS,
p. 357. It is also related to the conformal connection considered by
Schouten.6
Given any conformal tensor of weight N let us differentiate its law of
transformation and eliminate the second derivative between the resulting
formula and the law of transformation (8.1) of the extended conformal
connection. If the given tensor is a conformal covariant vector Ta, for
example, the result of this elimination is the set of equations which state
that

Ta,, = aSi + NTa so

-

Kp Tp

are components of a covariant conformal tensor.
Here again the subscript w runs only over the indices 0, 1, 2, . . ., n.
In order to determine the remaining components of the tensor which we
are seeking we employ the invariant condition

GaI ToaTo,

=

0

which gives the formula

2TO,O To," +

=

Gij To,i To0j

and determines the component To,,, + i. We then employ the condition

Ga To,a T-

=

0

which determines the rest of the components, for it expands into

TO,O Ty,n + 1

=

-TO,n + 1 Ty,o + GC" To, Ty

-

The conformal tensor Ta,Y which is thus defined we call the conformal
derivative of Ta.
If the given tensor is a contravariant vector of weight N, we differentiate

